The cyclotomic numbers in (1) and (2) are expressed in the tables of [4] as linear combinations of p, 1, c, d, x, u, v, w , and d j (0 ≤ j ≤ 19), where these integral parameters are as defined in [4] . In particular (see [4, eqs. (4.14), (4.1), (2.18), (2.17)]),
16p = x 2 + 125w 2 + 50u 2 + 50v 2 , (5)
x ≡ 1 (mod 5), (6)
, where ζ = exp(2πi/20), (8) and (9)
If we formally expand (10)
and then make the substitutions
we obtain the sum
where
, and G 7 = −G 1 . By (8), the sums in (10) and (11) vanish, and thus
} is a basis for Q(ζ) over Q. Our strategy is to obtain the desired contradiction by showing that (2) is inconsistent with (4)-(7) and (16). As was pointed out in [4, p. These cases are discussed in Sections 3 and 4, respectively.
3. The case ind g 2 ≡ 5 (mod 10), c ≡ 6 (mod 10). View the last nine rows of Table 4 . These polynomials are rather cumbersome (e.g., G 1 and G 3 each have 18 terms) and so we do not write them explicitly here. A Maple program which produces these polynomials is currently available upon request.
Reducing (2) and (5) (mod 25), and using (6), we deduce that
Also, by (3) and (17),
We cannot have u = v = 0, in view of (5) and (7). Hence one can define
Dividing the equality 0 = G 0 − G 2 by gcd(u, v) and then reducing mod 25, we obtain 0 ≡ 18xu 0 + xv 0 + 5cu 0 + 10cv 0 + 3νu 0 + 21νv 0 (mod 25).
Substituting in the value of x given by (19), and then making the substitutions for 5ν and 5c given by (20), we obtain
Reduction of the equality 0 = G 1 + G 3 modulo 25 yields, after the substitution of x from (19), 0 ≡ 20νw + 10cw + 5d + 20uv + 20v 2 + 5u 2 (mod 25).
After substitutions from (20) and (22), this becomes (23) 0 ≡ 5d − 10w (mod 25).
From (7) and (22), we see that 5 | xw, so that by (6), 5 | w. Thus by (23),
Dividing the equality 0 = G 0 + G 2 by gcd(u, v) and then reducing mod 25, we obtain, after the substitution of x from (19), 4. The case ind g 2 ≡ 1 (mod 10), c ≡ 6 (mod 10). We express G 0 , G 1 , G 2 and G 3 as quadratic polynomials just as in Section 3, except that instead of using the last nine rows of By (2),
From [2, Theorem 3.7.9, p. 135], we can write 
so that E = 0 by (7). From E/8 ≡ 0 (mod 2), we see that t 3 +s 2 is even. From 4G 1 ≡ 0 (mod 2), we see that 1 + u 1 + s 2 is even. Thus
We now consider separately the two cases d ≡ ±1 (mod 4). From E/16 ≡ 0 (mod 2), we see that 1 + s 3 + t 4 is even. From G 0 /2 ≡ 0 (mod 2), we see that x 1 s 3 +u 1 +t 4 is even. From G 1 ≡ 0 (mod 2), x 1 s 3 +u 1 is even, so that t 4 is even and s 3 is odd. From G 2 ≡ 0 (mod 2),
Combining these five results, we can write
From these formulas we arrive at
which is a contradiction, since From E/16 ≡ 0 (mod 2), we see that 1 + s 3 + t 4 is even. 
